The dynamics of a weakly interacting Bose gas at low temperatures is close to integrable due to the approximate quadratic nature of the many-body Hamiltonian. While the short-time physics after an abrupt ramp of the interaction constant is dominated by the integrable dynamics, integrability is broken at longer times by higher-order interaction terms in the Bogoliubov Hamiltonian, in particular by Beliaev-Landau scatterings involving three quasiparticles. The two-stage relaxation process is highlighted in the evolution of local observables such as the density-density correlation function: an integrable dephasing mechanism leads the system to a prethermal stage, followed by true thermalization conveyed by quasiparticle collisions. Our results bring the crossover from prethermalization to thermalization within reach of current experiments with ultracold atomic gases.
I. INTRODUCTION
Ever since the development of quantum mechanics in the early days, it has been a central question how the unitary time evolution of a quantum wavefunction of many particles may generate a seemingly thermal ensemble in the long-time limit -at least in the eyes of an experimenter with limited tools to probe the system. The eigenstate thermalization hypothesis (ETH) [1, 2] aims to address this question by stating that expectation values of macroscopic observables computed with respect to a single generic eigenstate of energy E are the same as the microcanonical average around the corresponding energy. The hypothesis has been verified numerically for a wide series of chaotic quantum systems [3, 4] .
Since it relies on the hypothesis of ergodicity, ETH is not expected to hold for integrable quantum systems. There, an extensive number of conserved quantities restricts the full quantum dynamics to a small subspace of the total phase space, thereby preventing thermalization. The long-time states of integrable systems can still be statistically described by a stationary generalized Gibbs ensemble (GGE) [5] , that incorporates all the conserved charges, as recently seen in a cold atom experiment [6] . Another seminal experimental example is the quantum Newton cradle [7] . In the same spirit as ETH, a representative eigenstate of the integrable Hamiltonian can be identified based on these conserved charges, which correctly reproduces expectation values of local observables [8] .
Similarly, approximate integrable systems can go through a dephasing stage, after which they are left in a prethermal state [9] , also described by a GGE with all the approximately conserved quantities. Nevertheless, * Mathias.VanRegemortel@uantwerpen.be prethermalized thermalized Figure 1 . (a) A pictorial image of the separation of time scales considered in this work. The gas is brought out of equilibrium by abruptly ramping up the interaction constant g in a time τs. Then, the approximate integrability of Hamiltonian (1) leads the system through a prethermalization stage (blue shades) on a time scale τ preth set by the chemical potential µ. Finally, a thermal equilibrium is reached on a vastly longer time scale τ th through Beliaev-Landau collisions (red shades). Alternatively, the red shades can be seen as representing the growth of thermodynamic entropy. (b) Diagrams of the predominant non-integrable collisions that drive the system toward full thermalization; Beliaev decay (up) and Landau scattering (down).
at longer times true thermalization sets in, conveyed by higher-order relaxation processes, such as illustrated in Fig. 1(a) .
As of now, the literature on the crossover from a prethermalized to a thermalized state after a global quench has been mostly restricted to toy models. It has been studied how a 1D chain [10] or liquid [11] of spinless fermions with weak integrability breaking first relaxes to a prethermal state, after which a kinetic picture allows us to understand the full thermalization dynamics of the model. In this article, we aim to bring the study of the two distinct relaxation mechanisms within the realm of current experiments.
II. THE HAMILTONIAN
The weakly interacting Bose gas provides a natural example of an experimentally relevant system that is close to being integrable. It is described by the standard Hamiltonian in 3D (we use units of = 1)
Here, V is the volume of the gas, m is the particle mass and g is the effective interaction constant, found from the s-wave scattering length a s as g = 4πa s /m. Starting from the ground state of an ideal gas with density n, we perform an abrupt ramp of the interaction constant g i → g f (with g i = 0 < g f ) within a nonzero time window τ s (see Fig. 1(a) ), and study the subsequent dynamics under Hamiltonian (1). Experimentally, this can be done with a Feshbach resonance [12] by suddenly ramping up an external magnetic field. Recently, this mechanism was utilized to probe the analog of cosmic Sakharov oscillations in a 2D bosonic gas [13] . In low dimensions, the interaction constant can also be modified by varying the transverse confinement [14] .
When interactions are weak (small na 3 s ) and the temperature well below the critical temperature, almost all particles are found in the k = 0 mode, justifying the replacementâ 0 → â 0 ≡ √ n 0 V , where n 0 ≈ n is the condensate density 1 . The dynamics of the bosonic gas after an interaction quench was studied on the level of a quadratic approximation in the fluctuation operatorsâ k (k = 0) [17, 18] , and later the departure from the prethermalized state was considered [19] and the damping of the oscillations was added by hand [20] .
We, however, seek to explicitly retain terms containing three fluctuation operators as well, so as to describe higher-order (non-integrable) scatterings that eventually lead the system toward thermalization. In the literature on superfluidity, these are commonly studied in the context of Beliaev decay and Landau damping [21] , where they are responsible for the damping of a phonon [22] [23] [24] [25] .
By truncating (1) to third order in fluctuation operators, we find the approximate Hamiltonian,
The quadratic part can be diagonalized with the standard Bogoliubov transformationâ k = u kχk + v kχ † −k , with
1 We perform a simplified approach, where the number of particles is not conserved, but number-conserving approaches [15] would result in exactly the same HamiltoniansĤ 2 andĤ 3 [16] of quasiparticles after the interaction ramp for decreasing switching times τs = {5, 0.5, 0.05, 0.005} × µ −1 from bottom to top; the thick black line is the limiting case τs → 0, for which we have result (13) . n and the quasiparticle frequency
In terms of the Bogoliubov operators, Hamiltonian (2) is then expressed as [16] 
with the matrix elements ofĤ 3
Upon taking the thermodynamic limit and rescaling the wave numbers with the healing length after the quench ξ = 1/mµ, k →k = kξ one notes that the density of states times the matrix elements ofĤ 3 squared scales as 1/(nξ 3 ) = (4π) 3 na 3 s , exactly like the condensate depletion n − n 0 . Therefore, if the number of depleted particles is sufficiently small, the dynamics under the integrable HamiltonianĤ 2 occurs on a substantially faster time scale than the ergodic dynamics ofĤ 3 . A similar reasoning to compare third and fourth order terms of the Hamiltonian justifies the omission ofĤ 4 in (2).
III. THE EQUATIONS OF MOTION
We start by looking at the short-time dynamics, generated byĤ 2 , such as studied in [17] . In particular, the interaction ramp takes place within a nonzero time window, short enough so that we can safely neglect any effects of H 3 during the quench. We return to the basis of particle operators and find that the dynamics of the quadratic correlation functions n (a)
. (10) This system of equations is readily integrated numerically for a given temporal profile g(t) and with appropriate initial conditions. It has been intensely studied in the context of the dynamical Casimir effect [26] , where a modulation of the interaction constant or condensate density causes a change of vacuum for the quasiparticle operatorsχ k [14, 18, 27, 28] . The correlations of the quasiparticles, in turn, are evaluated with the linear transform
In the limit of instantaneous switching time τ s → 0, n k are zero just after the quench and we find the correlation functions after the quench as
In Fig. 2(a) , we show the quasiparticle momentum distribution for different τ s and see that it converges to (13) for shorter τ s . We now stick to the basis of Bogoliubov operatorsχ k . Their quadratic correlation functions evolve trivially underĤ 2 as n (χ)
conserved quantities ofĤ 2 related to the integrable dynamics. However, they do experience a variation under the full Hamiltonian (2), which breaks the integrability. Via Heisenberg's equation of motion, we derive their dynamics underĤ 3 :
i∂ tc
where we have introduced the correlation functions of three quasiparticles
We next evaluate the equation of motion for these thirdorder correlators
Here, the matrices F
contain correlators of four operators. More generally, a connected correlator of p operators couples to correlators of p + 1 operators on the right-hand side, making this an ever-growing hierarchy [29] . However, as explained in [30] , fourth-order corre-
can be approximately factorized into products of second-order correlators using Wick's theorem 2 , thus establishing a truncated hierarchy of correlations functions. After this factorization, we find the drive term in Eqs. (17)- (18) as (we drop the superscript · for ease of notation)
and
As such, we establish a closed set of differential equations for correlators up to order three, which approximately describes the dynamics of the bosonic gas after the interaction ramp, provided n 0 n − n 0 , ensuring that connected correlators of higher order have a decreasing magnitude.
2 Since the average value of linear operators χ k is zero to zeroth order inĤ 3 , the products of a first and third order correlators are negligible compared to the terms in (19) and (20) .
IV. THE KINETIC EQUATIONS
In the long-time limit, the coupled system of equations (14)- (15) and (17)- (18) reproduces the well-known kinetic equations. This can be seen by formally solving (17) as
and similar for R k,q (t) in (18) . These expressions can now be plugged into (14)- (15), after which we obtain effective dynamics by (i) sending the integration boundary t → ∞ in (21), thus singling out non-oscillating terms in the integral over s, and (ii) time averaging Eq. (14) to remove the contributions that oscillate rapidly with time t. The result is that the evolution of quasiparticle occupation numbers is governed by the kinetic (or quantum Boltzmann) equations
Within the kinetic approximation, the oscillation frequencies from the evolution of M k,q have been translated into δ-functions imposing energy conservation for the redistribution of quasiparticle occupation numbers. In our method, the kinetic equations come as a limiting behavior, so that deviations from them can be studied quantitatively, as we do in Fig. 3 ; this to our knowledge has not been done previously in 3D.
With (22), we rederive the kinetic equation that is known from the literature on Beliaev-Landau scattering, where it is commonly established with Fermi's golden rule [16] . The first term represents the redistribution of quasiparticles through Beliaev decay, where a quasiparticle with high momentum k decays into (or is formed from) two with q and k − q. The second term, in turn, describes the Landau process of absorption (or emission) of the quasiparticle with momentum k by a quasiparticle q − k (or q). Notice that the Landau term comes with an additional factor 2 from the two possible scattering channels [23] . See Fig. 1(b) for the corresponding diagrams.
Through the same analysis, we obtain the evolution of pair correlations,
The first term ur this equation contains the evolution of c k under the Bogoliubov frequency z k = ω k +δω k −iγ k /2 calculated treatingĤ 3 in second order perturbation theory in the instantaneous Fock state |n k , {n q } q =k (see the Appendix for the explicit derivation). This contains the Landau-Beliaev damping rate
(where the Beliaev and Landau parts are respectively the first and second summation) and the frequency shift
where P denotes the Cauchy principal value and we have used the fact that our momentum distribution remains symmetric n
−k . The collisional integral I k ({c q }) accounts for the fact that the distribution {c q } in modes q = k changes dynamically with c k ; it is given by
Eq. (23) describes how the coherence between modes k and −k evolves under three-body scatterings, and in particular I k describes how it is affected by the coherence in other modes q. Remark that c k may show a temporal evolution even if the populations n k are prepared at thermal equilibrium, reflecting the underlying Landau-Beliaev scatterings that maintain equilibrium. To our knowledge, this equation was not found in the literature, unlike the kinetic equation (22) on n k [31] .
In Fig. 3 , we perform a quantitative comparison between the full integration of the truncated hierarchy and the approximate kinetic description (22) . We show the evolution of the quasiparticle occupation numbers at short times t ∼ 1/µ. We observe that the curve of n k (t) predicted by the kinetic equation differs in two distinct ways from that of the hierarchy: (i) the evolution at very short times is not well captured by the kinetic equation, which results in a small offset (controlled by the interaction strength na 3 s ) between the two curves, an offset then conserved all along the evolution and (ii) contrary to the kinetic description, the hierarchy of correlations retains high-frequency components in n k (t). Those two differences are directly related to the approximations (i) and (ii) detailed in the main text below (21), on which kinetic equations are based.
In the long-time limit, we find that (22) and (23) converge to the values in a thermal ensemble. The momentum distribution of quasiparticles approaches the BoseEinstein distribution
with β = 1/k B T the inverse temperature set by the total injected energy, while the anomalous correlations vanish. The energy after the quench on the level of the quadratic Hamiltonian,
k , is conserved under the kinetic equations. However, using the value of the mode occupation number n (χ) k for an infinitely fast quench [see Eq. (13)] leads to an ultraviolet divergence of this injected energy. This divergence is regularized by a finite switching time: this sets an effective cutoff in energy ω kmax ∝ 1/τ s , corresponding to a momentum cutoff k max ∝ 1/ √ τ s in the limit of fast quench τ s → 0, and therefore to an injected energy
This enables us to fix the total injected energy with the switching time τ s and, consequently, the final equilibrium temperature of the gas by matching this energy with the energy of a thermal ensemble. When k B T > µ, we have that E − E 0 ∝ T 5/2 , such that we derive the asymptotic scaling T ∝ τ −1/5 s . In Fig. 2(b) , we show the full variation of equilibrium temperature with switching time τ s .
V. THE DENSITY-DENSITY CORRELATION FUNCTION
Finally, we investigate the behavior of macroscopic observables in real space, which are expected to exhibit the two distinct relaxation stages. We concentrate on distances of the order of the (equilibrium) thermal wavelength 2π/k th , with ω k th = k B T . We choose τ −1 s = 0.5µ, such that k B T = 0.67µ and therefore the thermal wavelength is of the same order as the healing length ξ. For k ∼ 1/ξ, the kinetic equations are accurate for times t > 1/µ, and introduce an offset of the order of na 3 s , our small parameter. Therefore, they correctly describe the dynamics of spatial correlations at length scales ∼ ξ in the weakly interacting limit, as we have also checked numerically.
The first relaxation stage of local observables to their prethermal value is caused by a dephasing mechanism where all k-modes interfere desructively. We therefore define the annihilation operator in position spacê a(r) = 1/ √ V k e ik·râ k . Our analysis is now focused on the evolution of the density-density correlation function, defined as g (2) (r − r ; t) = :n(r)n(r ) : t / n(r) 2 t for a homogeneously distributed gas, where ':' denotes normal ordering andn(r) =â † (r)â(r) is the local density operator. The density-density correlation function has proven its importance previously in the context of analog gravity [32, 33] , where the correlation pattern shows a fingerprint of the analog of Hawking radiation at an acoustic black hole's horizon [34] .
On the Gaussian level, the density correlation function can be simplified to g (2) (r − r ; t) = 1 + 2 n 0 n(r − r ; t) + Re m(r − r ; t) ,
where we defined for varying distances x = |r − r | according to the kinetic picture Eqs. (22) and (23) . The horizontal solid lines indicate the asymptotic values for the prethermal and thermal (quasi)stationary ensemble; the temperature T = 0.67µ is found from the initial state. At short distances, we clearly notice a relaxation to a prethermal plateau on a time scale of the order of τ preth = µ −1 (for ramps τs ∼ µ −1 and x ∼ ξ),
this is due to a dephasing mechanism inĤ2. In g (2) (x; t), this is manifested as a fast oscillation at short times, which then diminishes due to a destructive interference between all kmodes once the light-cone correlation peak has moved away from the considered distance x [18] . Then, at much later times, τ therm ∼ 10 3 µ −1 , a new equilibrium value is found that corresponds to the value in the thermal ensemble through the much slower dynamics ofĤ3. The difference between the prethermal and thermal value vanishes for increasing separation x as the correlation function drops to zero in this limit.
In Fig. 4 we show the evolution of the density correlation function after a ramp g i = 0 → g f = 0.05µξ 3 (so that na 3 s = 1.3 · 10 −5 ) at different distances x = |r − r |. We observe a clear first relaxation, approximately to the prethermal value on a time scale τ preth ∼ µ −1 after an initial oscillation due to the light-cone peak [18, 35] that dies out due to dephasing once this has traveled away; this is governed byĤ 2 . At much longer times, the scatterings contained inĤ 3 cause a new relaxation, this time to the thermal value. We find that the thermalization time τ therm ∼ 10 3 µ −1 is in qualitative agreement with the Beliaev-Landau lifetime of the thermal wavenumber 1/γ
VI. CONCLUSIONS
We have illustrated that the crossover from a prethermalized to a thermalized state can be witnessed in a cold atomic gas by probing the density correlations after a sudden interaction ramp. The switching time of the ramp determines the final temperature in the equilibrium ensemble. While a simple dephasing mechanism, treated on the level of the (integrable) quadratic Hamiltonian, causes local observables to relax to a prethermal value, a more sophisticated approach is needed to describe the thermalization stage. Here, third-order interaction processes, known as Beliaev-Landau collisions, are the predominant mechanism to lead the system away from integrability and, eventually, to thermal equilibrium. When focusing on most relevant length scales of the order of the equilibrium thermal wavelength, a kinetic description is sufficient to describe the final relaxation. In principle, our predictions are within reach of current experiments with ultracold atomic gases. To recover Eqs. (24-25), we treatĤ 3 as a perturbation ofĤ 2 and we recall [36, 37] that the complex poles E of the resolvent (or equivalently of the Green function) in a given state |ψ are given to second order in the perturbation by
where E 0 = ψ|Ĥ 2 |ψ is the unperturbed energy,Q = 1 − |ψ ψ| projects orthogonally to |ψ and the states |λ are therefore orthogonal to |ψ . We apply Eq. (31) to the Fock states |n k , {n q } q =k and |n k − 1, {n q } q =k whose perturbed energies, respectively E(n k ) and E(n k − 1), define the perturbed Bogoliubov frequency
Changing the sum over the intermediate Fock states λ into a sum over the scattered momentum q (taking care
